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Abstract: The unitarity, symmetry and time-reversal properties of the collision matrix, given in the preceding parts for real total energies, are extended to a complexphysical k-plane. The collision matrix is expanded in such a plane. The concept of open and closed channels is introduced for a resonance state with complex energy and the total width is expressed as a sum of partial widths extended over open channels only. The unitarity of the one-level approximation is discussed. 1. Introduction. The general properties of the collision matrix, namely the unitarity, symmetry and time-reversal properties, have been derived in parts I and IV for real total energies of the system 1-4). It is one of the purposes of the present paper to extend these properties to a whole physical k-plane such as it is defined in sect. 2. The time-reversal property is obtained in sect. 3, while sect. 4 is devoted to the symmetry and unitarity properties. Since many low-energy experimental data are interpreted with a one-level approximation, it is worth looking for an e~pansion of the collision matrix each term of which would have the time-reversal, symmetry and unitarity properties of the collision matrix. This seems a reasonable requirement particularly if one wishes to neglect completely the "background" term or to approximate it by a constant. As shown in sect. 5, the time-reversal property does not exist for the collision matrix defined in the physical J'-plane. This is why, in that section, we derive an expansion of the collision matrix in a physical k-plane, with each term satisfying exactly the symmetry and time-reversal relations. A discussion of the unitarity of the corresponding one-level approximation is postponed to the last section. Beforehand, we introduce in sect. 6 the concept o f open and closed channels for a r~sonance state with complex energy. The total width is expressed as a sum of partial widths extended over the open channels only. In sect. 7, we generalize a recent result obtained by Weidenmiiller s, 6) on the unitarity of the one-level approximation for a model of inelastic scattering. t c/o Institut de Math6matique, 15, avenue des Tilleuls, Li6ge, Belgium. 386
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2. The Physical k-Plane For simple models involving only elastic and inelastic scattering, several authors 5-1o) have constructed a complete Riemann surface with a finite number of sheets; they have established several properties of the collision matrix on such a surface. For an actual reaction, as considered in this work, we want to deal, as in part IV, not only with branch-point singularities, but also with the logarithmic essential singularities introduced by the Coulomb repulsion of the charged particles; therefore, we shall extend the general properties of the collision matrix to a single sheet only. This sheet will be called the physical kb-plane. It implies that we decide to choose an arbitrary channel wave number k b as the independent variable, appropriate cuts being drawn in its complex plane. In parts I-IV, it was found convenient to take as the independent variable either the total energy d' or the wave number ko corresponding to the channel of lowest internal energy E~o. Here we do neither, because in sect. 5 we shall expand the collision matrix element Uc,~ in the plane o f the wave number kc of the incoming channel c. From now on, we assume: (i) that the only singularities of the wave function T(~) are located at the thresholds ko = 0, k, = 0, kb = 0 . . . . . (ii) that any of these singularities corresponds to a branch point for a neutron channel and to an essential singularity for a channel with electrostatic repulsion. Imk b ' Kob
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Fig. 1. The physical kb-plane.



Under such conditions, by drawing in the complex kb-plane the set of cuts indicated in fig. 1, the wave function ~(c) becomes holomorphic at any interior point of the kb-plane, i.e. at any point lying neither on a cut nor between those cuts starting at
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kb = 0. The phase of any wave number



kd = [(k~



-



K~b)Ma/Mb]*



(2.1)



is chosen in such a way that ka = + Ika] for kd -'* +_oo +Oi. In relation (2.1), we have, according to eq. (I.5.12),



h2Ka2b/(2Mb) = E ~ , - E~, ;



(2.2)



the quantity Kdb will be chosen positive real or positive imaginary. The cuts starting at + Kdb and -Kab are not necessarily straight lines, but they must be drawn in the lower half plane and symmetrically with regard to the imaginary axis; they join the cut starting at kb = 0 at an arbitrary distance from the real axis or at infinity. Under such conditions, the relations (IV.2.22) are satisfied for each channel wave number and, for any d, we have



ka(ei"k *) = - [kd(kb)]*,



(2.3)



where, as in part IV, k* = [kb[exp(--i arg kb). Similarly, when the:different regions Imk b
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Fig. 2. Signs of Re ks and l m k b in the physical ka-plane. II
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Fig. 3. Signs of Re ka and. lm kd in the physical kb-plane.
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of the kb-plane defined by the cuts starting at k~ = 0 and + Kdb are numbered as indicated in figs. 2 and 3, the following relations are easily verified t:



kd(et"kt,)



= -kd(kb) for kb in lI[d,



(2.4a)



k,j(e-~"kb) = --kd(kb) for kb in IVd,



(2.4b)



ka(e~'~kb) = +kd(kb) for kb in Vd,



(2.4c)



kd(e-i"kh) = +k.,(kb) for kb in VId.



(2.4d)



Finally, in connection with the discussion given in appendix 2 of part IV, because of eq. (IV.2.16b) and in view of sect. 5 below, we must point out that by drawing the cuts in the lower kb-plane, we have restricted the values of arg k d to the appropriate range. More precisely, for any d, we have



--½Z+Odb < argkd < g2Z--Odb,



(2.5)



where Odb is a non vanishing positive constant. The condition (2.5)is obviously satisfied for d = b, while near the thresholds, because of the phase chosen for kd, we have 0 ~ arg kj < rc for kv near +Kyb, (2.6a) when Kjb is lying on the imaginary axis and -T-¼n < arg kj < rcT-¼n for k~ near +Kjb,



(2.6b)



when Kjb is located on the real axis and the cuts are orthogonal to that axis near kj = 0. Hence, we see that the condition (2.5) is satisfied near the thresholds; it is easily extended to the whole physical kb-plane by considering the figure 4.17 of ref. 1~) with the appropriate cuts. 3. Time Reversal Properties



Let us consider the wave function ~


(3.1a)



or more briefly, by analogy with eq. (I.8.11) and because of eqs. (2.1) and (2.3),



K~p(C)(kb) = ( - 1)1-u~


(3.1b)



* T h e s i g n s o f R e k~ = Kd a n d I m kd = -- 7a are e a s i l y d e r i v e d f r o m t h o s e o f u a n d v in fig. 4.17 o f ref. 11). W h e n the c u t s o f the l a t t e r figure are d e f o r m e d to b e c o m e t h o s e o f o u r fig. 1, the s i g n s o f rd a n d 7'~ are c h a n g e d in the r e g i o n s V d a n d V l d . T h e r e is a c h a n g e o f sign for r a a n d 7'd a l o n g the line K~ = c o n s t a n d 7'd = c o n s t w h e n these lines cross o n e o f the cuts. O u r fig. 3 c o r r e s p o n d s to t h a t o f ref. 11) p r o v i d e d t h a t v --> R e kd, u --~ I m kd.
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It seems at first sight that eq. (3.1) might agree only with the kffown time reversal behaviour of O~, but not with that of 1l, sinee eqs. (IV.2.19) read



O,(r, k)* = ( - l)'O,(r, e"k*)e "~*,



(3.2a)



It(r, k)* = ( - 1)'l,(r, e-"k*)e ~'a.



(3.2b)



We shah now see that this is not the case by giving to kv(¢) in the channel region a form in which all the radial factors satisfy an equation of the type (3.2a). In the exterior region of the configuration space, we have from eqs. (I.5.7), (1.6.7) and (IV.2.13a),



e,o) _ q,o L (xio)oo+ y i % ) + Z q'~"re



c', c



1



xT,)Oc ,



re,



= q~¢lylcC)(Oce2"c-2iFcei¢°)+ Z(pc, l-~-x~f)O¢,. re



c"



(3.3)



r e,



In the latter expression of ~(~), we have eliminated I~ by introducing the radial wave function



iF¢e ''° = ½( - i)'e-*~'r(l + 1 + i~)~¢lu,, +½(2ikr),



(3.4)



which obviously satisfies the equations



(iF~e'°') * = ½i'e-~*F(l + 1-- t~*)o£_,~.,,+ ~ ( - 2ik* r) = e-~*(iF, e"')k_.~ +~,k., (3.5) since J l / k t+ 1 is an integral function of k 2. Choosing the + sign in eq. (3.5), we see that eq. (3.1) agrees with eqs. (3.2a) and (3.5). Moreover, though the relation (IV.2.13a) may also be used to write ~,(c) in terms of F a n d / f u n c t i o n s only, this is not a sufficient reason to justify the assumption that ~(c) satisfies a time-reversal property with e-~'k * rather than e+~k~. Indeed, we must also require that for real total energies the time-reversal property should not be different from the usual one. We know from eq. (IV.2.21b) that this is not the ease for Iz. Just as in sect. 8 of part I, one easily gets from eq. (3.1) the following relations



~(c,)(kb)* = m(c)[,,'~t. *'~ --¢' ," ~b,,



~(f)'(k~)* = O(f)'(e"k~).



(3.6)



The corresponding relations for the collision matrix elements are most easily derived when the use of the relations (3.2b) is avoided. For the matrix elements Tc,c = U ~ , c - J ~ , ~ e 2t°¢ = - 2



W(4~t~f)'



iFee~¢~')/ke



W(~?), O~)/k~



"



(3.7)



the relations (3.2a), (3.4) and (3.6) immediately give



r.,o(k~)* = ( - 1 ) " - ' e - " ' - " T ~ . ( e " k D



(3.8)
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Hence



U¢,c(k~)* = (_l~r-* ¢1 m e -2~,*x¢,21,o~ xj e -=-'*-~,*rr ~., c , c rk e l=l,*~±x t~b ] T ue'Ck~, 11. ~" ]lte~



-ke*



(3.9)



and, corresponding to eqs. ([.8, 5a, b),



y~C)(kb)* = ( _ ~/'~'°-'~*"(°r°'=t'*'" .,~ t ° "b/,



(3.10a)



xT,>(k~)* = ~ / - . ' v ' * - " ' ~ ( '*o" ) / ° "~~ * ~~-)



x r



l~zt,,-,o* ,,-,,,%,.(~)/,~,l,*~r,,z~¢,~ ~ --~" ].)'c ~o ~ b ] k ~ ]ke..c._kc*.



--Uc'ckmx]~,



(3.lOb)



We conclude the present section by writing down the time reversal property of the last factor of T¢,¢ in eq. (IV. 4.3), i.e. the quantity which is expanded according to the Mittag-Leffler theorem. Defining



te,c = ½ie] 18~ ~e -~.... '"'(MJM~,)~kT"k2 '- ~rc,~ M~W¢~(o F,,e~lk~V- 1)



(3.11) (3.12)



M~, W(~ c), Oo~oe"°k'~) and, noticing that



(~e,.o), = _1 e - ~ ' r ( l



+ 1 - ~*) =



e-"(,~e'" )~o._~o.,



(3.13)



we easily get the desired relation



tc~(k~)* = t~,c(d'k~) ,



(3.t4)



which will play an important part in the next section.



4. The Symmetry and Unitarity Relations The following relations were established in part I for any real total energy of the system: v, v , , = v, v~,, (4.1) E vc Ucq * U~p = ~p vp ; c+



(4.2)



all the indices refer to open channels and consequently the involved velocities are positive numbers defined according to eq. (I.5.10). In sect. 3 of part IV, these relations have been extended to the case where the Coulomb interaction is not cut off at large distance. Here, we want to extend them to the physical kb-plane. This is readily done when they are first rewritten in terms of the elements of the matrix t as tp~ = t~p, (4.3)



2 i ~ ' 2Kz c+ 1 ~c2-*lcq lop "+" lqp - - -* lpq = O; c+



(4.4)
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to derive eq. (4.4), we used eqs. (3.7), (3.11) and took into account the fact that the Coulomb phase tr~ is real when k~ is itself real. Let us first consider eq. (4.3). Being valid at any point of the positive real k baxis where p and q are open, it may be continued analytically to any point of holomorphy of tpq and tqp in the physical kb-plane. Since the factor multiplying T~,c on the right-hand side of eq. (3.11) is holomorphic at any interior point of the physical k~-plane, the relation is also valid in that plane at any point of holomorphy of Up~ and Uqp. In particular, the relations remain valid at any point of the positive real k baxis where the channels p and (or) q are (is) closed, the thresholds being excluded as part of the boundary of the physical kb-plane. Still considering eq. (4.4) for real energies, it may be given the form 2 i ~ k c2 1 + 1 e~2 tcq(e in kb)tcp(kb) * * + tqp(kb)-- tpq(e tn kb) = O,



(4.5)



c+



where use was made of eq. (3.13). But in-. / e'nk~ if d is open, e tcd = t ka if d is closed.



(4.6)



Hence, if we now assume that the channel b is open (if necessary b will be the channel o), we have



2i ~. k~ '+ le Z~t¢q(e'nkb)t¢,(kb) + ta,(kb) -tp~(e inkb) = O. ¢+



(4.7)



This equation being valid on a finite segment of the positive real kb-axis, it will also hold at any point of the kb-plane where both t~q(einkb) and t~p(kb) are holomorphic, the singular points of



2



1!-2(12+ot2 )



. (1 +at2)2rcct[exp (2rc~)_ 1]-1



(4.8)



are ___Kcb (where kc --- 0) and thus are located on the boundary of the physical kb-plane. But, since both arg k b and arg (e~nkb) must be within the limits (in, -½~), the above arguments establish the unitarity relation (4.7) in the right-hand half of the physical kb-plane only, i.e. for -½7~ < arg k~ < +½7r.



(4.9)



The relation (4.7) may be given a form corresponding to the one obtained on a Riemann surface for some specific simple models s-1o); this form is obtained by writing explicitly as arguments of the elements of t the complete set of channel wave numbers, as we did in eq. (3.1a). Let u be the last open channel; then, from eqs. (4.7) and (2.4 a, c), we have
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u --21+1



2i



rc



g.d



2-



/



in.



~ t~ql,e Ko . . . . .



e l ' k . , ko. kw . . . . )tcp(ko . . . . .



k . , ko. k,, . . . . )



c=O,a,...



+ tqp(k o . . . .



k~, . k~,. kw . . . . ) - t.p ~ ( e l ~ k o ,



e ~"k . , k~, k . . . . . . ) = 0 ,



(4.10)



with - ½ n < arg ka < ½n (any d).



(4.11)



Since any point of the physical kb-plane where the inequality (4.11) is valid may be reached from different segments of the positive real kb-axis, several unitarity relations will hold at that point. Let us suppose e.g. that v, instead of u, is the last open channel; we then have



2i ~ c=0,



~21+1 2- / ix-t% ectcq~e K0 . . . . . el'k,, et"kv, k . . . . . ) t~p(ko . . . . . ku, ko, kw . . . . )



a,...,



+ t~p(k o . . . . , k , , kv, k . . . .



.)-tpq(e t~ ko . . . . . e'~k,, e'~k~,k . . . . . ) = 0. •



(4.12)



This relation contains one more term than relation (4.10), but the former one cannot be used to simplify the latter one, because the arguments are different. This fact is not explicitly apparent when the unitarity relations are given the form (4.7). Finally, we must also notice that for real positive kb between Kub and Kob, only eq. (4.10) has a direct physical meaning related to the conservation of flux. Accordingly, for complex values of kb near the segment K~b Kv~, eq. (4.10) is expected to be more useful a relation than eq. (4.12).



5. Expansion of the Collision Matrix in the Physical



kc-Piane



In parts I-IV, the expansion of the collision matrix has always been given in the physical g-plane. In doing so, one introduces directly the familiar resonance denominators e - d ~ . = E c - E c . + ½ i F . and, moreover, each resonant term is given the symmetry property of the complete collision matrix. The symmetry property is in fact required for each resonance term in any theory, because of the practical importance of the one-level approximation. Yet, in the next section, we intend to apply the relation (4.10) to a discussion o f the unitarity of a one-level approximation of the collision matrix and it is obvious that the one-level approximation obtained in an d'-plane is not suitable for that purpose. In fact, the cut @-plane is the conformal mapping of the right half of the ko-plane, while eq. (4.10) relates values of the collision matrix taken both in the right- and left-hand halves of the kb-plane. These circumstances led us to search for an expansion in a k-plane without giving up the symmetry property for each resonance term. Such an expansion exists in the physical kb-plane not only for b 4: c, c', but for b = c and b = c' as well. We first derive the expansion obtained in the kc-
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and k,,-planes; the expansion obtained in the kb-plane when b # c, c' is given at the end o f the present section. Beforehand, we must, however, discuss the singularities of the radial factors. Any singular point of ~ ) is also a singular point of at least one of the radial factors ~c), ~ , ) . . . . and conversely. In general, one must expect all the radial factors and their derivatives to be singular at any threshold and holomorphic at any interior point o f the physical kb-plane. Indeed, let us consider ~ ) when d is not a neutron channel. The quantity x~c) = ~*)/Od is a-independent for d # c, not only at a resonance but for any energy*, because x(d") is the amplitude of apurely outgoing wave. Accordingly, the radial factor #~) = X~*)Od is ad-dependent and, since it is impossible to remove from Od a factor f ( k d ) independent o f ad such that Od/f be regular near kd = 0, we must conclude that #(d*) has an essential singularity at kd = 0 t, This is inconsistent with the assumptions made in part IV, immediately after eq. (IV.3.3), but we shall now see that these assumptions were unnecessarily restrictive; the expansions given in part IV remain valid under the much weaker conditions which we shall now assume. Let us turn our attention to the matrix elements we want to expand, namely



¢), Fcs



(5.1a)



and ½



(c)



Mc c.



i¢~,



-1'



kc. )



t~,~ = -.-c'M½W(~


(c'



c),



(Sab)



where, for c' # c, the quantity (3.12) has been transformed by means of the relations (IV.2.13a) and (I.9.1b). According to eqs. (IV.4.5.), (IV.4.8 ab) and (2.5), the quantities



F c e ; l k ; 1-1,



Odeaei"k~ "



(d = c, c')



(5.2)



occurring in eqs. (5.1) are holomorphic functions of k b at any interior point of the physical kb-plane and on its boundary, except, for the latter quantity only, at the thresholds -I-Kab; at these points Oa 8dei¢dk~" is nevertheless continuous since lim



(Odedei'~k~d) = ldt-lrl~'xdK21,+l(x,)



oo,



(5.3)



kb"* + Kdb



when kb is an interior or a boundary point of the physical kb-plane. We now summarize and complete the analytical properties which we assume henceforth for the radial factors in the physical kb-plane: ¢ For c = d, ~(aC)/04 is a-independent at the resonance only 8). tt E.g., for f : e~le-i'rd, the quantity O~edei¢~has an essential singularity at kd = 0, although, according to eqs. (IV. 2.16b) and (2.5), it is finite near kd = 0 in the physical kb-plane.
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(i) the only singularities of the radial factors ~(~) (any d) are at the thresholds,



+Keb (any e); (ii) #{dc) is continuous at these thresholds, i.e.



lira #(dC)(kb) -~ ¢~(¢)(+ Keb)



finite constant,



=



(5.4)



kb"~ 4-Kob



where kb is an interior point of the physical kb-plane; (iii) the singular points of #(c), are the same as those of #(f) and #(:r is continuous at these points; (iv) all the roots of the equation ),



oe) = 0



(5.5)



are simple and they correspond to the bound and resonance states; (v) we disregard t the cases where a resonance state lies at a threshold or when it is simultaneously a root of ~(:) = 0. it) Under the above conditions, the theorem (IV.A2.5) is directly applicable to the quantities (5.1) which will now be expanded in the physical k:plane. For that purpose, it is useful to notice that most of the results of part I, sect. 10, remain valid if we substitute the quantity



Mch-2k~t(kc-kc,,)



for



(8--8.) -t.



(5.6)



As in part I, sect. 1, we always associate in a single term the resonances at ken and ef,t~cn L* = -ken. * Using also the relations (3.6), we obtain tc,~ = ~c'~()(t)-2~



Mck~,n~ P~*'nPc* k-~,,/



M¢ ken



Pc'~Pcnkc_kcn



(5.7)



for any c to, the quantity Pen is defined by Pen = ½



~



i



"t" |+ 1 |e*wt



Mcv nkcn e



~cn --



l! M~v~(- ikcn)t+ t F(l + 1 + iac)W+,c "



½



(5.8a)



ecs O~ (5.8b)



In the expression for the contribution of the resonance at -kc*, to the expansion, use has been made of the relation Pc -n



-~ P e*n ,



(5.9)



t Such cases have been encountered by Weidenmiiller 6) in the framework o f his model. tt Comparing with the assumptions made in part IV, one sees that we assume nothing about the n a t u r e o f singularities at thresholds; they are at least branch points, except k b =ffi0 if it corresponds



to a neutron channel.
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which is derived f r o m eqs. (5.8 b), (IV.2.9) and from the fact that, according to definition (I. 10.11), we have V_



n



~



*



(5.10)



Vn .



As expected, each resonance terra of the expansion (5.7) is not symmetrical in c', c. To reintroduce such a symmetry, let us now expand the function t¢,Jkc,. We then get



t~,c=kc,



Q(,2~)-2~ p ~ , , p ~ , k _ k c



+PC*~p¢*k~+-k.,~



.



(5.11)



In general, the theorem (IV.A 2.5) is applicable to the expansion of G,~/ke only if the cut extended to k~, = 0 ends with a small circle of radius c5 around that threshold (as G H I in fig. 3 of part IV). Once the development (5.11) is obtained, one may go to the limit 6 = 0 (as ABC in fig. 3 of part IV): the resonance terms in eq. (5.11) remain unchanged because of assumption (v), while k~, ~.,~,~0 (2) is changed into another background function Qt3) which, in general, does not vanish at k~, = 0. Adding eqs. (5.7) and (5.11), we easily obtain



k~,+k~,,



/



,



,



kc,-k*,~] k~ + k *~] '



(5.12)



where Q~,¢= ½(Qt,12+ ~c,~,. ^(3)~ The symmetry holds now for each resonance term since from eq. ([.5.12) we have



M~ kc'+kc'~ - M~. k ~ + k ~ k c - k~ k~, - k~,~ '



M~ kc,-k~*~ _ M~, k~-k~*~ k~ + k*. k~, + kc*, "



(5.13)



The corresponding expansion for the collision matrix reads, in terms of the notations of eq. (IV.4.9) _Av c ' c e- 2 1 ~ .Src,c = ~/ --c'c



x



Z ( kc.



f ~/kc.kcei(¢¢,+~c) [ k c,r kct ec, ec ~¢,~ -- ½z•h -2



,c.



,o



kLk * ko+k*.



ko+k .e,(_oo.,oo, (5.14)



II



while, in terms of the normalization and notation of eq. (IV.5.8),



3T,, c = ~[~,~--t~,~ = ~ / ; ~ , k ~ P ~ P ~ c , c - ½ i h -2 ~ Vq. x (e ''°'~



kc'k~



P ~½' P~~~ ' 'Fc'nFcn



M~ kc,+k~,,e,g~.+e_,¢~," M~ k~,-kc*.e_,¢~.). k,,. kc, k, - k,, k~,.*k,.* k, + k~*,



(5.15)
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Finally, we want to write down the expansion of ~,,~ in the physical kb-plane when b # c, c'. It is derived from arguments similar to those which led us to eq. (5.7). We easily obtain



tc,c = .~,~.~-2 ~ Pc',P~, .



Mbk~,,k~" kb,(kb-- kb.)



, • Mbkc*,,k~* '~ Pc'.P~ .-V77-,,T-~-_.,/ kbn(kb dt"lCb.)/



(5.16)



and hence



J-c,~ = x/k~, k: P~'P2-~:':;b + + + ÷ - i h - 2 ~ q, V k~. kc P2,P2 ++ + + F¢,,F:, Xc,,X~, IP,',P,,I X



(e~¢o.. Mb/kb. e_i¢,, - e,¢... Mb/k*, e-~¢,.]/ "



(5.17)



6. Open and Closed Channels in the Physical Complex Plane Up to now, the concept of open and closed channels has been used for real total energies only. We shall now extend it to any point of the physical kb-plane. The channel d will be called open if Im ka 


(6.1a)



Im kd > 0 (closed).



(6.1b)



and closed if



In the former case, kb lies in one of the regions I, II, Vd, VId shown in figs. 2 and 3, while in the latter case, kb lies in regions IIId or IVd. Such a definition includes the usual one for real energies, since beyond Kdb the positive real axis corresponds to an actual physical situation where d is open, while the positive imaginary axis and the segment KbbKdb are associated with a closed channel. The above definition applies in particular to a resonance state. Then, since for ra > aa we have



ua. oc exp (ikd.ra),



(6.2)



we see that the wave function T . is exponentially increasing in an open channel and decreasing in a closed one. We shall now show that the eqs. (I.9.15) and (I.10.18) for the total width F. may be rewritten as a sum over the open channels only. For that purpose, let us return t o eq. (I.9.12) where we extend the integration, not only over the interior region co, but rather over the volume t2 defined as co plus that part of the exterior region corresponding to a c ~ rc < oo for all closed channels. We then obtain



iF,



I!/',lZdco = ~



(~c. ¢c. cPc,). * cPc,' '*



(6.3)
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Normalizing O, as in part IV, sect. 5, and defining N~, by eq. (1.9.14), namely



u~. = ~ 1



I 1+ z~.-i ( o o,. o o .,- o ~ . o ~ . ) ,,]



,



(6.4)



we easily obtain as in part 1, sect. 9, (h2x~./m31~./O~.l ~ F.



=



~÷



.



(6.5)



¢+



Defining a new partial width/~c, by 1 h2xc.[ ¢c. z,



(6.6)



where /2. = f l 7t.I 2dto + c+ZNc.I ~ / O ~ . l 2 = f,o [~nl2d°9 + c~-



fa~lUcn(rc)l2drc+ ~+c Ncn[crpcn/Ocnl2'



(6.7a) (6.7b)



we have F. = E / ' ~ . ,



(6.8)



c+



where the total width now appears as a sum of partial widths extended over the open channels only. The quantity/~n is different from #n defined in eq. (I.10.17); it is independent of the radii of the open channels in the sense of part III. Thanks to its a-independence, the quantity v, may be given a form analogous to that of the expression (6.7) for/2, namely



vn = f TJ*.~ndOg+~2~c~~"2dLCndk~.



(6.9)



Defining



#n --/2./Iv.I,



(6.10)



we obviously have A



q. Fc,. Fcn =



~



A



(6.11)



This relation shows how the expansions of the collision matrix given earlier may easily be rewritten in terms of the partial widths .pc,. We shall now prove that for a very narrow level the quantity qn is very close to unity.
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Let us consider a resonance state for which kb~ = x h . - i ~ , is lying in the lower half k~-plane, very close to the positive real axis, but not very close to a threshold. Then, F n = 2 h 2 x d , , ~ a . / M ~ ~ O,



(6.12)



with ?d.~0,



Xd.>>?d.>0



xd. ~ 0,



~d~ >> xd. > 0



(dopen)



(6.13a)



(d closed).



(6.13b)



or



The quantity/2, remains finite for F. ~ 0, because Nc+~ is itself finite for yc÷~ = 0. Then, considering eq. (6.5) where, according to eq. (6.13a), x~+n is positive, we see that O¢+ n ~ 0 (6.14) for F. ~ 0; consequently, v. ~ f ~*_.~V~dco,



g, ~ fol~.]2dco.



(6.15)



In the limiting case Fn = 0, i.e. when t%-. = Y¢+n= 0, we have e-~"-*Kc-.= k.-n, while _~i.* -k¢+. But, the wave equation as well as the boundary conditions for the open channels, namely ~'~÷. = Oc+. = 0, being even in k~+., it is possible to normalize ~ in order that ~ _ . = ~'n. Moreover, since L¢-. -- O'~-./O.-. is real when kc-. is imaginary, all the boundary conditions defining ~'. in the present case are real and ~* = ~ . . Hence, when the total width To is very small, we have ~'. ~ ~ _ . ~. ~'*.



(6.16)



From eqs. (6.10), (6.15) and (6.16), we may conclude that



~.~1,



(6.17)



when Fn .~ 0. This is an important relation in view of practical applications; it extends to an actual nuclear reaction a result first obtained by Weidenmiiller 6) in connection with his model for inelastic scattering. A similar relation does n o t hold for the quantity q. defined by eq. (I.10.20). 7. The One-Level Approximation In view of the practical applications, the one-level approximation of formula (5.12) deserves special interest. In some cases the background term is completely negligible, while in some other cases it has been found necessary to approximate it by a complex constant. Here, we restrict the discussion to the one-level approxima-



4OO



J.



HUMBLET



tion without background, i.e. to tc"c = - Pc', Pc, Mc kc,+kc,. - k c - kc.



Pc'.*Pen*Mc kc,-kc*. kc + kc*



(7.1)



It is obvious that such an approximation satisfies the symmetry and time-reversal properties of the collision matrix. But inserting the quantity (7.1) into the left-hand side of eq. (4.10), one also sees that we are left with a complicated expression which does not vanish identically as a function of the energy, so that the one-level approximation without background is not unitary. Let us now restrict the discussion to the case of a narrow level and let us see to what extend the unitarity is valid in the vicinity of the resonance, the resonance pole being excluded. In such a case, the terms occurring in eqs. (4.7) or (4.10) may be approximated by taking into account the relations (6.1a). We have tcq(e,~k.) = - Pc.. Pq.. M q - k c . - kc* -



• * * zpc.pq.xc, Xq.2h 2 / F , ,



(7.2a)



- kq. + kq*



2kc. tcp(k~) = - Pc.Pp. Mp k p - kp---------.' 2k~.



(7.2b)



(7.2c)



tqp(kb) = -- pq. pp. Mp k p - kp. '



tp~(e'~k*) = 0



(7.2d)



and, introducing into eq. (4.7), we get F, = -- h 2 p~" 4. ~ .-c. ~c. pq.k~. ec. --k~i-Cx c. *



xc. Mclv.I



LI ~c.



(7.3)



where Oc. is normalized according to the definition (IV.5.1). Defining (7.4) and using the relations (6.13a), (5.8) and (6.10), eq. (7.3) reads F, = q. exp (--2i¢q.) E/~c..



(7.5)



C+



The relation (7.5) is to be compared with eq. (6.7). We know that under the present conditions q. "~ 1, but we see no general argument by which the phase ~q. should be negligible for any q. This is a difficulty which has also been encountered and discussed by Weidenmiiller 5). He noted that the phases may in fact be completely ignored in the one-level approximation (7.2c), when there is no Rutherford scattering,
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because they do not appear in the corresponding expression for the cross section. Our final remark will concern the one-level approximation in its form (7.1). Its second term is not a true resonance term, since its modulus has no maximum for kc = ~ccn. Compared with the first term, it rather appears as a background contribution whose magnitude and phase are related to those of the resonance term. In the above discussion of the approximate unitarity of the matrix (7.1), the contribution of this second term was indeed approximated by a constant, as indicated by eqs. (7.2a) and (7.2d). The study of its influence on the shape of isolated resonances is in progress. The author thanks Professor H. A. Weidenmiiller for an early communication of two manuscripts which have helped to give the present paper its final version. He also wishes to acknowledge valuable discussions with Mr. C. Mahaux and a grant from the Institut Interuniversitaire des Sciences Nucl6aires. References 1) 2) 3) 4) 5) 6) 7) 8) 9) 10) I 1)
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